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We derive the effective Lagrangian of the physical four-dimensional fields in the Randall-Sundrum 
(RS) model, and use this to calculate the Newtonian gravitational potential between two point 
sources on the brane. The effect of the radion is emphasized, and it is shown to disappear when 
the hidden brane is taken to infinity, i.e. when we only have one brane. As a preliminary, we 
derive the corresponding Lagrangian in the simpler geometry of a fiat spacetime with one extra 
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the massless vector field that is present for the torus disappears in the RS model because of the 
orbifold symmetry. 
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I. INTRODUCTION 

In this paper we develop the effective four-dimensional 
Lagrangian of gravity in theories with extra dimen- 
sions, and in particular we study the fine-tuned Randall- 
Sundrum (RS) model J^, 2J. The derivation include both 
the RS2 model with a single brane 0], and also the 
more phenomenologically interesting RSI model with two 
branes 1|. In the latter case, the four-dimensional La- 
grangian includes a massless scalar field (radion), a result 
that is typical of theories with compact extra dimensions. 
The Lagrangian is then used to calculate the Newtonian 
gravitational potential between two static point sources 
on the visible brane. 

Theories with extra dimensions, and in particular the 
braneworld model of Randall and Sundrurn, have at- 
tracted a lot of attention recently |1I3. Isl. H ItL H lollTot . 

One central issue is whether effective four-dimensional 
gravity is restored at the scales currently probed by 
experiments, i.e. whether the gravitational potential 
V{r) K, —Gmim2/r at those scales. There seems to be 
three different ways of calculating the potential. One way 
is to calculate the component /iqo of the metric pertur- 
bation due to a matter source directly [1,^1^. This 
method, however, usually leads to complications with 
brane-bending, i.e. the fact that the branes can no longer 
be considered straight when introducing a matter source 
on them. A different approach is to consider the gravita- 
tional potential as the result of two massive particles in- 
teracting through the exchange of a virtual graviton, and 
to simply use the wave equation of the graviton to deter- 
mine its propagator and interaction with matter 0, H 13 ■ 
With this approach the branes are no longer bent, be- 
cause the gravitons are actually travelling through empty 
space. However, it can be difficult to fix the normaliza- 
tion of the different four-dimensional fields from their 
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wave equations alone, and this normalization is crucial 
in order to get the correct relative contribution from the 
radion as compared to the four-dimensional gravitons. 
The most reliable and consistent approach is therefore to 
derive the Lagrangian of the five-dimensional graviton, 
do a dimensional reduction to four dimensions, and then 
identify the physical four-dimensional fields by requiring 
that they have canonical Lagrangians 0- We are going 
to use this approach throughout the paper. 

In section UTI we derive the Lagrangians and propaga- 
tors of both massless and massive gravitons in D space- 
time dimensions, so that this can be used as a reference 
to identify the physical graviton fields later on. In section 
mil we study the simplest possible case with extra dimen- 
sions, that is flat space with one dimension compactified 
on a torus. The main features of the derivation will be 
the same as for the warped RS geometry, only with much 
simpler algebra. This serves as a training ground before 
moving on to the RS model in section ITVI Finally, we 
conclude in section Fvl 

II. THE LAGRANGIAN AND PROPAGATOR 
OF SPIN-2 FIELDS IN FLAT SPACE 

A. Massless spin-2 fields 

With an arbitrary number D of spacetime dimensions, 
the action of gravity is given by 

S = -^M^-^ J d^x^R, (1) 

where M is the Planck mass in D dimensions, and R 
the scalar curvature. The Lagrangian of gravitons in flat 
space is obtained by considering the perturbation 

<?M- = + 2M(2-^)/2/i^^ (2) 

to the flat space metric 77^,^. The factor M'^^"-^^/^ is cho- 
sen to give hfj^i, the correct physical dimension dim[/i] = 
{D — 2)/2, and the factor 2 gives the canonical normal- 
ization of the graviton field /i^j/. Eq. Q is then inserted 



2 



into and the result expanded to the second order 
in hfj^^. After a straightforward calculation which involves 
several partial integrations, we find S = J dPx Ct, where 
the graviton Lagrangian Ct is 

So far, everything we have done has been valid in an ar- 
bitrary gauge. However, in order to invert the quadratic 
operator and find the graviton propagator, we must fix 
the gauge to be used in the Lagrangian. The Lagrangian 
is invariant under the infinitesimal coordinate trans- 
formation 

x'' ^ 5^ = 4- 2M(2--D)/2^m(2.) ^ (4) 

which transforms the graviton field as 

h^^u = h^y - {d^£,i, + . (5) 

The harmonic gauge where /i'^" ^, — ^h'^ = is obtained 
by choosing D^^ = h^" — \h'^. In this gauge, we can 
therefore add the gauge fixing term 



C 



hg 



= h^- ^ - hi-^' , (6) 



to the Lagrangian. The action then becomes 



S 



1 - ^ ) Vt.uric.pd'^ 



2 iVp-a-riup + -ritJ^PVua) d'^ 



- Q/3 



1 



(7) 



The graviton propagator Daf3pa{x,x') is defined as the 
Green's function inverse to the operator D^jya/?, i-e. 

a^.^pD'^^P^x, x') - \ {5^5 J + 5^5 P) Six ~ x') . (8) 
The solution can then be written as 



D. 



(9) 



where the polarization tensor Pappa{k) is given by 

Pal3pa{k) = i {VapVl3<T + VaaV/Sp) - ^ \ ^ VaPVpT 

+ ^^2k'^^ {Vapkf3K+riaaki3kp + r]ppkaka+r](3akakp) . (10) 



Thus, we see that the de Bonder gauge where ^ = 1 is a 
natural choice. The result 1)1 0|l is in agreement with . 

The interaction between gravitons and matter which 
is described by the Lagrangian Cm, is obtained by in- 
cluding the action Sm = J d^x^/gCm- Varying this 
action with respect to the metric, we then get S'int — 
J d^Xy/g^TpJgP", and thus 

Sint = - y d^xM(2-^)/2 j.^-/^^^ ^ (^^^ 

by using ^ to the lowest order in /i^^. 

B. Massive spin-2 fields 

The massless graviton in the previous section is given a 
mass by adding the Fierz-Pauli term — ^rn^ {h"^^ hap — h^) 
to the Lagrangian We thus have the Lagrangian of 
a massive spin-2 field 

- /l"^a/l^,/3 - {h'^^Kp - h^) . (12) 

The resulting equation of motion for the free, massive 
graviton is 

= D™ = Jlpuid^ + fn^)h - (9^ -I- m')hp, 

- VpMph'^P - d^dyh + d^d^ha, + d.d'^hap . (13) 

Taking the derivative and contracting this equation, we 
obtain the constraints 



d>'K, = , 



(14) 



One thus obtains the simplified equation of motion 

-□™„^/i"'3^(a2 + m2)V=0, (15) 

which is why the Fierz-Pauli term seems a natural way 
of giving the graviton a mass. 

With this mass term included, there is no gauge free- 
dom in the Lagrangian. The operator DJ^iyQ/s '^^^ there- 
fore be inverted directly, leading to the propagator 



D 



d^k P^'.Ak) 



with the polarization tensor 



'ik-{x—x ) 



(16) 



~ 2ni^ iVapkfjk^ + Tjaakfjkp ~\- T^ppk^k^ + Vpcrkakp) 

{riccp + ^kakp) {rip^ + ^kpk„) . 



(D-l){D-2) 



(17) 



This result was also found in 11] for the case D = 4. 
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III. TORUS COMPACTIFICATION 

We first consider the case of flat (4 + l)-diniensional 
space, where the extra dimension is compactified on a 
torus with circumference L. This allows us to get com- 
fortable with the formalism before moving on to the more 
complicated RS model. It also allows us to do the whole 
calculation of the gravitational potential from a purely 
five-dimensional point of view, so that we can compare 
the results when doing a four-dimensional decomposition 
of the fields. Corrections to the gravitational potential 
with torus compactification was also studied in Il3| . 



where r = \x\. This is the same result as obtained in 

Of particular importance is the limit of large distances, 
where the fifth dimension disappears from the potential, 
and we are left with the four-dimensional result 



lim V{r) = 



mim2 



777,1771 2 

87rM2jr 



Gmim2 



(22) 



where Mp\ is the effective four-dimensional Planck mass, 
and G the gravitational constant. We therefore obtain 



(23) 



The factor 3/4 may be a bit surprising. In the next sec- 
tion we will see that it is the combination of a four- 
dimensional graviton and scalar field that both con- 
tribute to the long range gravitational force that gives 
this factor. Of course, it is possible to define the four- 
dimensional Planck mass by only considering the spin-2 

fields that contribute to the long range force, obtain- 

is Af~'^/^T^^. For a point particle with mass m at rest ing the common Af|[ — APL. In that case, how- 



A. Five-dimensional point of view 

From a five-dimensional point of view, the graviton is 
massless, and the polarization tensor in the propagator 
is given by IjlOl) with D = 5. The interaction vertex 



at the point {x,y), y being the coordinate in the fifth 
dimension, the energy momentum tensor is 

T^, {x,v)= mu^uj{x)5{v) = m5l5l5{x)5{v) , (18) 

and thus 



(19) 



ever, the potential will no longer have the usual form 
Vir) — —Gmim2/r, but also an additional contribu- 
tion due to the scalar field. It therefore seems natural 
to also include the scalar mode in the definition of the 
four-dimensional Planck mass. 

As a consistency check, we can also consider the limit 
of (|21(l for short distances, i.e. r, ?/ ^ 0: 



where p is the momentum in the fifth dimension. The 
gravitational potential between two point particles with 
masses 777,1 and 777,2 is therefore 



V(k, p) — lim 



lim V{r^ y) 

r,y — >0 



777 1 7772 



67r2M3(r2 7/2) 



(24) 




(20) 



In particular, we note that the gauge dependent term 
in (|10|1 disappears, because only the 0000-component of 
the polarization tensor contributes, and fc" — > 0. When 
Fourier inverting H2(J|) . the finite length of the fifth di- 
mension means that the momentum p is quantized as 
Pn — 2T:n/L, n ~ 0, ±1, ±2, . . ., with the result 



This is precisely the potential in five-dimensional flat 
space, where all the dimensions are large. From here we 
can also identify the five-dimensional gravitational con- 
stant G5 = (37r2M3)-i [l|. 



B. Four-dimensional point of view 

We now decompose the five-dimensional graviton Hmn 
from the previous section into four-dimensional fields, 
and show that we obtain the same result for the grav- 
itational potential using only four-dimensional fields and 
propagators. First the tensor structure is decomposed as 



hMN — 



ik-x ^ipy 



777 1 7772 
77ll7772 



sinh 2^ 



S J 

When inserted into we then obtain 
S = J d^xdy^^Vo^^pV'^ + Vo,,pV^'" 

_ 1 

2 



(25) 



i [;7:,^;7'"^ - [h'f] + s^o.h'" - /7"%5,„} , (26) 



Q-kW^Lt cosh ^ 



(21) 



where the prime means the derivative with respect to y. 
In particular, we note that all terms with y-derivatives 
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of and S have cancelled, which means that only the 
graviton /i^;^ will acquire a mass in four dimensions. 

This is related to the gauge freedom of the five- 
dimensional theory, where a possible gauge is to demand 
that both and S are independent of y, as we will 
now show. Starting with the five-dimensional coordinate 
transformation 



(27) 



the five-dimensional graviton field is transformed as 

hMN — > flMN — h-MN — (Om^n + On^m) ■ (28) 
Using H25|l . we then get for the different components 

S^S-2C'^. (29) 

By choosing a suitable function ^4 we can simplify the 
radion 5. It is not possible to gauge the field away since 
^4 must be periodic under y L + y, but the choice 

U^, y) = l fs{x, y')dy' - ^ j'^Six, y')dy' + i{x) , 

(30) 

with ^(x) arbitrary, removes the y-dependence of S: 



S{x,y) = 



S{x,y')dy' ^ S{x) 



(31) 



We also see that ^4 clearly satisfies the correct periodic 
boundary conditions. Hence, by a choice of coordinates 
for the extra dimension, the radion can be taken to be 
independent of y. This is actually quite natural, since the 
physical interpretation of the radion is that it measures 
the physical size of the torus - a quantity that necessarily 
depends only on the four-dimensional coordinate x. 

Similarly, we choose to remove the y-dependence 
from the vector field Vf^. Again, it is not possible to 
remove the vector field completely since must be pe- 
riodic. With the notation = V^~ d^^4, we write 

U^,y)^ W^{x,y')dy' ~ ^ Wf,{x,y')dy' + U^), 
Jo ^Jo 

(32) 

with ^^{x) arbitrary. The transformed vector field is then 



V^i^:y) ^ij^ W^{x,y')dy' = V^{x) . (33) 

A choice of four-dimensional coordinates can therefore 
make the vector field independent of y. We call the gauge 
where both and S are independent of y for the unitary 
gauge, and use it in the following. Note that the zero 



modes of both and S are physical degrees of freedom 
with torus compactification. It is not possible to choose 
a gauge where either of them disappears completely. 
The graviton field h^i, is expanded in plane waves: 



h^.{x,y) = J2h%ix)My), My) = -^e^"' ■ 



(34) 



In order to remove the crossterms between h^^, and S 
in l|2(i|l . which only affects the zero mode Zij^j^ since S is 
independent of y, we redefine /ij^^^ as 



where we have also rescaled the scalar field as 



(35) 



(36) 



in order to get a canonical Lagrangian for 0. If we also 
make a trivial rescaling V^^ = A^^/ \/2L of the vector field, 
the action is reduced to 

S = Jd^x {- iA^..^^'" + ^A^M"''' + ^.A''' 

-K'',y~v>^J3-lP\Kpht-h'h~^)]]^ (37) 

after performing the y-integration. From this effective 
four-dimensional action we can clearly identify the phys- 
ical fields as a massless graviton (p = 0), a tower of mas- 
sive gravitons with Lagrangians identical to 1)12(1 , a mass- 
less vector field, and a massless scalar field. 

As we can see from ()3()|l and ((32|l . the unitary gauge 
is not uniquely determined - we can still make transfor- 
mations in the form of the two functions ^ {x) and {x) 
which only depend on the four-dimensional coordinate x. 
This corresponds to the transformations 



A„ 



A„ 



~ (9mC. 



(38) 



of the zero mode of the graviton and the vector field, 
and is precisely what allows us to identify these fields as 
massless graviton and vector fields in four dimensions. 
Also note that both actions (|25|) and (|37|) are invariant 
under this residual gauge transformation, meaning that 
the order which we perform the gauge transformation and 
the field redefinition H35|) doesn't matter. 

The interaction with matter in five dimensions can be 
written ^int = - J d'^x dyM'^/^hMNT^^^ ■ For a source 
located at y = y' the energy momentum tensor is 



\x,y)^5f,'5^T^^{x)5{y-y'). 



(39) 



Using the expansion (|34l) and the redefinition H35I) we 
therefore get the effective four-dimensional interaction 



1 



(40) 



5 



The radion field thus couples to the trace of the energy 
momentum tensor. 

From (|37l) and H40() we can now obtain the gravitational 
potential in the effective four-dimensional theory: 



V{k,y) 




mim.2 
2mim2 

all p 



1 1 



p#0 



1 1 
6F 



(41) 



The factors 1/2 and 2/3 for the gravitons originate from 
the polarization tensors (|10|) and (|17|) for D ^ 4, whereas 
the factor 1/6 for the radion follows from the interac- 
tion (|40|1 . Thus, we see that the massless graviton and 
the radion combined give exactly the same overall factor 
as the massive gravitons. By Fourier inverting H41|) . we 
get the same result as (I21|l derived in the previous section 
from the five-dimensional point of view. 



IV. THE RANDALL-SUNDRUM MODEL WITH 
TWO BRANES 



In the fine-tuned or critical RS model, the background 
metric is given by 



ds^ = A'^{y)7j^^dx>'dx'' - dy^ 
= A^{z) {rj^^dxf'dx'' - dz^ 



where 



-Ai|y| 



A{z) 



1 



-li\z\ 



(42) 



(43) 



is the warp factor in the physical coordinate y and the 
conformal coordinate z, respectively. The visible brane 
is located at ?/ = z = and the hidden brane at y = yr, 
z — Zr- We assume the usual orbifold symmetry /Z2 
for the fifth dimension, which basically means that the 
branes are located at the endpoints of this dimension. 
The visible and hidden brane have tension A = 
and —A, respectively, and the cosmological constant in 
the anti de Sitter bulk space is As = — The fine- 
tuning between the positive tension on the visible brane 
and the negative cosmological constant in the bulk means 
that the effective four-dimensional cosmological constant 
vanishes, and the four-dimensional space is therefore flat 
with metric 77^,^. For a more detailed discussion on the 
phenomenology of the RS model, see e.g. [l9 |. 



A. Graviton Lagrangian 

Using the conformal z-coordinate, we write the per- 
turbed metric as 



gMN = A^{z) {riMN + flMN) 



(44) 



The derivation of the Lagrangian for Hmn is easiest to 
do using this coordinate, but still involves some rather 
tedious calculations (see appendix^ . The starting point 
is the action 



1 



S^^^M^ I d''xdz./\^\{R + 2AB) 



A / d^xdzy%Z\ 5{z)~d{z~zr) . (45) 



Here -\/|(?MAf | means the square root of the determinant 
of the five-dimensional metric, i.e. 



(46) 



where we have used H25|l for Hmn, whereas vjg^i^ only 
involves the four-dimensional components, i.e. 



1 



1 f,2 



4"- "-/^i/ 



(47) 



From the background solution (|43|) it follows that both 
the zeroth order and the first order parts of H45(l vanish, 
as they should. For the second order part, the result (|A9|) 
of appendix ^ then implies 



S = — 
2 



-A 



•dy[ 



A' 



+ A^[\h'^ph"''^-\{h'f'\ - lA^'A'Sh' -i^i''A^S''^, (48) 

where we have also changed the integration variable to y, 
and the prime means derivative with respect to y. Again 
we note that all terms with ^-derivatives of and 5 
have disappeared, so the graviton field will be the only 
massive field in four dimensions (the S'^-term will be re- 
moved by a field redefinition). However, in contrast to 
the torus, it is now possible to choose a gauge where the 
vector field disappears completely. 

The issue of gauge transformations in the RS model 
has been discussed in detail by Boos et al. but we 
include the main parts here for completeness. In the 
RS braneworld there is an additional symmetry that is 
not present for the torus, namely the orbifold symmetry 

jZi- As we will see, this symmetry is what removes 
the vector field as a physical degree of freedom. This con- 
clusion can actually be reached almost trivially by just 
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looking at the orbifold symmetries that the components 
of the fivc-dimcnsional graviton must satisfy: 



Vf,(x,~z) = -Vf,{x,z), 
S{x, —z) — S{x, z) . 



(49) 



We expect that the z-dependence of the vector field can 
be removed just as for the torus, but additionally, since 
V^{z) is an odd function of z, it cannot have a zero mode 
either. Thus, it should be possible to choose a gauge 
where the vector field disappears altogether. 

To see this in more detail, we start with the five- 



dimensional coordinate transformation x 



M 



„M I cM 



^ , which transforms the graviton as 



huN ^ hMN ^ huN ~ A ^(Va/^at + Vat^a/) , (50) 

where the covariant derivative is with respect to the back- 
ground metric gMN — A'^{z)riMN- Writing the gauge 
functions as 

Cm = ^"^M ' ^4 = , (51) 

for convenience, the components of Hmn transform as 

2A' 

































S 









(52) 



where the prime means the derivative with respect to z. 
We choose the gauge where 

i^{x,-z) = if,{x,z) , i4{x,-z) = -i4{x,z) . (53) 

The z-dependence of the radion is removed by choosing 

S,4{x,z) — - j A{z')S{x, z')dz' — I A{z')S{x, z')dz' . 

2 Jo ^VrJo 

(54) 

Wc then get, by using dy/dz = A{z), 

S{x,z) — — / A{z')S{x, z')dz' 

Vr Jo 

= - r S{x,y')dy' = S{x) . (55) 

Vr Jo 

Note that we can not add an arbitrary function ^(x) in 
(|5Hl . in contrast to the torus, since this would break 
the orbifold symmetry of ^4. This is another hint that 
the vector field must disappear, since we don't have any 
residual gauge transformations left that would transform 
the massless four-dimensional vector field. Also note that 
we impose the orbifold symmetry both before and after 



the coordinate transformation, which means that the vis- 
ible brane remains straight in position z = 0. This is also 
clearly seen from the fact that ^^{z = 0) = 0. Thus, we do 
not consider brane bending here, since brane bendingcan 
always be removed by a coordinate transformation ||||. 
Moving on to the vector field, we see that we obtain 



= if we choose 



4(a;,z)= / W^{x,z')dz' + ^^{x) , 



(56) 



where = — A~^9^^4, and the function ^^(a;) can 
be chosen arbitrarily. The reason why this works in the 
RS model but not for the torus, is that the function 
is now an odd function of z, which implies both the cor- 
rect orbifold symmetry £,^{~'z) = C^(z), and the periodic 
boundary condition ^p(2zr + z) = £,^{z). The latter fol- 
lows from the identity J^''''Wfj,{z)dz = /f^ Wfj_{z)dz = 0. 
Thus, we see that the vector field is a pure gauge mode 
in the RS model, and by choosing the four-dimensional 
coordinates favourably we can make the field vanish. We 
call the gauge where = and S is independent of z 
(or y) for the unitary gauge in the RS model, and use it 
in the following. 

Next, we turn to the crossterms between h^n and S. 
Because they are a bit more involved than for the torus, 
we get the more complicated redefinition 



where 

f{y) = ^^\y\ + h. 
1 

4/^' 



fiy)Vf^iyS + g{y)df,d,yS , 



fo 



9iy) = 1/0 



+ e2^l«l[l-2/x|2/|; 



(57) 

(58) 
l\ + 9o- 



The constant fo = /(O) is determined by requiring that 
the crossterms disappear on the branes, i.e. that we don't 
have any delta function crossterms. (More precisely, this 
implies the conditions ^'(0^) = g'{yr) = 0-) The con- 
stant go = 5(0), however, doesn't seem to have any con- 
straints, and can therefore be chosen freely. In any case, 
its value will not affect the gravitational potential. 

With the field redefinition (|57(l , all crossterms between 
hfj,L, and S and also the S'^ term disappear from (|48|l , and 
we are left with a kinetic term 5_q,5'" for the scalar field 
with a coefficient 



-Ar 



M^fiyf 



The physical radion cj) with a kinetic term 
therefore be given by 



(59) 



must 



(60) 



In particular, we note that the radion drops out of 
the action in the limit yr 00 oi one brane, as also 
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shown in |9|. Finally we expand /i^^ in terms of four- 
dimensional eigenstates 

K,{x, y) = 2M-3/2 ^ /i" (x)$™(y) , (61) 



where the functions <&m(y) satisfy the following wave 
equation and normalization: 

A A' m"^ 



A^{y)^rniy)^m'{y)dy = 6m,m' , 



A^{y)^UyW^,{y)dy^m'6„ 



(62) 



(The last of these equations follows trivially from the first 
two.) The general solution to (|62|l can be expressed in 
terms of Bessel functions, see e.g. for more details. 
Combining all of this, we are finally able to reduce H48() 
to the effective four-dimensional action 



'•m ,a"'m v.f) 2 



af3 ''m m) 



(63) 



Again we recognize this as a massless graviton (m = 0), 
a tower of massive gravitons, and a massless scalar field. 
The four-dimensional field content of the theory is there- 
fore the same as with torus compactification, except for 
the vector field which is now absent. 

From (|54(l and H56|l we note that the only residual 
gauge symmetry we have left after imposing the unitary 
gauge, is a transformation of the four-dimensional coor- 
dinate by a function ^^{x) which only depends on x. The 
graviton field is then transformed as 



hi 



(64) 



This is precisely the transformation that allows us to 
identify the zero mode of the five-dimensional gravi- 
ton as a massless graviton in four dimensions. Again we 
also note that both actions (|48|l and (|63|l are invariant un- 
der this residual gauge transformation, so we can choose 
freely the order which we perform the field redefinition 
(|57jl and the gauge transformation. 



B. Interaction with matter 

With the source (jSHJ, the interaction is given by 



S'int = J d'^xdy^]^TMN5g^'^ 



= - I d^x 



-A\y')T^'^{x)h^,{x,y') 



(65) 



From (HTjl, (EOl) and we have 

K.{x,y') = 2A/-3/2^ft™ (x)$™(y') 



e2M!yr _ 1 

"3 

2 



M^fiy^ 



fiy'Ku + g{yW, cpix). (66) 



Since the energy momentum tensor T^i, is conserved, 
dfj.T'^'^ = 0, the term with g{y') disappears after a partial 
integration, and we are left with 



Ant = -M-'^^A^y') 



.0r 



(67) 



Again we see that the radion couples to the trace of the 
energy momentum tensor. 



C. The gravitational potential 

With one source on the brane at y — and the other 
at the point y, the gravitational potential is 



Vik.y) 




mim2 l$o(0)$o(2/) , 2 ^ $,„(0)$„(y) 



J^^3g2/iy 



2k^ 



3 k + m? 

m>0 



Q^iyl 

With f{y) from this imphes 
miTO2 J /i 



- 1 /(0)/M\ 
k^ ] 



(68) 



l/(r,y) 



m>0 

Here we have inserted the expression 
*o(y) = 



1 — e^^'^f'- 



(69) 



(70) 



for the zero mode, which follows from H62I) . With both 
sources on the visible brane, i.e. by setting = 0, (|69|l is 
reduced to 



V{t) 



mim2 



87rAf3r 1 - e^^Wr 



m>0 



1 jJLC 



-2/jyr 



3 1 - e-'^^^y^ 



(71) 
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Both the massless graviton and the radion contribute 
to the long range potential. The radion contribution 
is, however, suppressed by an extra factor e^^''^'' ~ 
(Mew/A/^pi)^ 10-3° if we interpret the RSI model 
as a possible solution to the hierarchy problem. If we 
include the radion in the definition of the effective four- 
dimensional Planck mass, we get 



1 



-2nyr. 



and H71|l can then be written 



(72) 



V{t) 



Gmini2 



1 



4 1 _ 



3 m>0 



(73) 



where G — (STrAfpj)-^ is the gravitational constant. The 
whole effect of the radion is the factor (l + ie"^^*''') in 
the potential and in the four-dimensional Planck mass. 
The same factor also appears by the related calculation 
of similar effects in (5|. Again we see that the radion 
contribution disappears in the limit yr oo. In this 
limit, we can also show that 



lim $2 (0) = i 



whereas f„°° —dm, with the result 

lim V{r) = 

yr.—>oo 



(74) 



Gto 17712 



1-1- 



dm 



(75) 



This expression can be expanded to high order in powers 
of /ir applicable to the limits /ir ^ 1 and fir 1 ■ 

From H69|) we also have the potential for the more 
general case when the two masses have different y- 
coordinates. For instance, one can consider one mass 
on the visible brane at y = and the other mass on the 
hidden brane at ?/ = y,-. However, the interpretation of 
the resulting potential is not obvious. This question has 
recently been addressed in [l5| . 



The presence of the radion is a result of the finite size 
of the fifth dimension, and basically represents fluctua- 
tions in the circumference L of the torus and in the brane 
separation y^- In this paper we have simply ignored the 
question of stabilizing the extra dimension, and the ra- 
dion is therefore massless. In a more realistic description, 
where the stabilization is achieved by a dynamical mech- 
anism (see e.g. 16] ), the radion usually becomes massive 
and will therefore not contribute to the long range grav- 
itational force. 

In our derivation for the torus, we have found that 
a massless vector field is part of the effective four- 
dimensional theory. This field does not contribute to 
the gravitational interaction when the source is at rest 
in the extra dimension. However, it still is a physical 
degree of freedom, and with a moving source it can po- 
tentially contribute. In the RS model, on the other hand, 
the additional orbifold symmetry effectively removes the 
vector field as a physical degree of freedom. It is then 
a pure gauge mode that is removed by a suitable choice 
of coordinates, which among other things requires that 
the visible brane remains unbent in position y = 0. The 
hidden brane is still allowed to move, and the physical 
distance between the branes is precisely the radion field 
(j){x) which cannot be gauged away. 
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APPENDIX A: METRIC PERTURBATIONS IN A 
CONFORMALLY FLAT SPACE 

We consider an arbitrary conformally flat space with D 
dimensions, where the perturbed metric can be written 



(Al) 



Here the warp factor A{x) is allowed to depend on all 
coordinates. The inverse metric is 



SUMMARY 



5" 



A- 



(A2) 



In this paper we have derived the effective four- 
dimensional Lagrangian of gravity in two different higher- 
dimensional theories, first using torus compactification 
and then in the Randall-Sundrum braneworld model, and 
we have used the result to calculate the Newtonian grav- 
itational potential in the two models. In both cases we 
have seen that a radion - a massless scalar field - con- 
tributes to the potential. Since the radion is massless, 
this affects the long range gravitational force and there- 
fore also the effective four-dimensional Planck mass. 



The Lagrangian of the graviton field hf^i,{x) is found by 
expanding the action 



2 



Jd^'x^R 



(A3) 



to the second order in h^^,. Of course, some other terms, 
like a cosmological constant, must also be included in or- 
der to get a non-trivial warp factor, but the curvature 
term is by far the hardest one to calculate. The determi- 
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nant of the metric is expanded as 



where A/^ = d^A. The Ricci tensor is then found to be 



A° ■ exp 

A° ■ cxp 



(-1) 



n+l 



n 



^h-\h°'^haB + ... 



The ChristoflFel symbols are, to the second order, 
A. 



«/3 - 

K 
A 



(A4) 



A 

A^ 1 



A 



(A5) 



R^^ = -iD- 2)^ - ^ry,. + [20 - 4)^ - (D - 3)^r,,. 

+ ^V,.h^" - ^ V + iD- 3)^r?,./.- - (D - 3)^ V 

+ ^/i'^" V - ^7?^./i"''/ip" + {D- 3)^^r"/i^, - (D - 3)^^r,^./i"''/^p^ 
H '^Vnvf^ ^pa,a^ H '^'HiJivh^ ^2^''' ^ f"'"^ ~A^^^ "^'^ 2^'"^) 



and the curvature scalar is therefore 



^^i? = - 2(£» - 1)^ - (£> - !)(£> - 4)^^^ + 2(£) - 

+ iD- l)iD - 4)^^/1"^ + 2(D - 1)^/.'^% - (D - + /i"^,o/3 - 

- 2{D - - (i? - l)(i5 - 4)^^ft"-/,/ + p - 



(A7) 
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Combining (|A4|) and ljA7|) we get the rather complicated expression 

A°' A'^ A A 



A'-^^R = -2{D- 1)^ ~iD-l){D~Ay- 



'■13 , a/3 



A 



iD-l)iD-A) 



AfyA 



A^ 



{D - l)^h + 2{D ~ l)^/i'^",a -{D- l)^ha - -l)iD- ^)^^h + h'^^ ,^f3 - Uh 



2{D - l)^h'^-hj -{D-1){D- A)^^h'^'^h/ + {D- l)f^h'^PKp^„ 



A 
A" 

~A 



A'' 
~A 



2{D - l)fl^h''Ph,^^f3 ~ 2{D - l)^;i--;i",_„ + {D^ i)^h--h^, + {D- \)^h''Ph 



"^'^ h'^Ph +{D- l)^/i-"_„/i - ^l^fl^h^h - t^^f^h^ 



.A, 
A 

D~IA° 



,A^ 
A 

D-IAZ 



A 



A 



1{D-1){D~4) 



/I" A 
A^ 



H— 14" 1 



■ h°'^h^ap + h^'f^Uh^p - 2hjh°"'^^p + -h^'^^aph ~ -hDh . 



(A8) 



When inserted into the integral of the action, the zeroth order and first order parts of this expression should always 
vanish when the warp factor A(x) is a solution to the background field equations. The second order part can be 
simplified using partial integrations, with the result 

5* = J d°x I {D -1){D- 2)Ac,Aph°"'h/ -^{D-l){D- 2)A^A''h°''^Kp 

-\[D^ 1){D - i)A^Aph°''^h +\[D~ 1){D - 2)A^A°'h^ 



{D-2)A 



D-3 



l-A'^Kp^^h''^ - A^h'^Ph^p - A'^h^^Kp^, 



+ -ApK^h 



-Aph^P^^h + -A''hh^^ 



A 



D-2 



(A9) 



This result can then be applied to e.g. the RS model, provided we also include the cosmological constant and brane 
tension. With A{x) = 1 we see that (|A9p is trivially reduced to the flat space result Q. 
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